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NASA TT F-10,743 

DESIGN OF THE CYLINDRICAL SHELL FOR CYCLIC LOADING 

N .  Petrova-Deneva (Sofiya) 

ABSTRACT. The asymptotic i n t e g r a t i o n  method, prev ious ly  
used f o r  t he  des ign  of s h e l l s  of r evo lu t ion  f o r  c y c l i c  
loading ,  is used t o  o b t a i n  a s o l u t i o n  f o r  t h e  c losed  
c y c l i c  s h e l l  of random c r o s s  sec t ion  subjec ted  t o  c y c l i c  
loading.  , 

Previous ly  [ l ]  t h e  asymptotic i n t e g r a t i o n  method w a s  used f o r  t he  design 
of  s h e l l s  of r evo lu t ion  f o r  c y c l i c  loading. 
equat ions  by means of  t h i s  method w a s  obtained f o r  t h e  c losed  c y c l i c  s h e l l  of 
random c ross  s e c t i o n  sub jec t ed  t o  c y c l i c  loading .  

/106* 
I n  t h i s  ar t ic le  a s o l u t i o n  of  

1. L e t  us  take an equat ion  of t h e  i n n e r  s u r f a c e  of the  c y l i n d r i c a l  
s h e l l  i n  t h e  form 

r = s i  + y i  + zk (1.1) 

Here 5 i s  the  coord ina te  a long t h e  g e n e r a t r i x ,  y = y (q) and z = z (?I) 
are t h e  equat ions  f o r  t h e  c ros s  s e c t i o n  of t h e  c y l i n d e r  where TI i s  t h e  coor- 
d i n a t e  a long t h i s  l i n e ,  where t h e  first q u a d r a t i c  form of the  c y l i n d e r  i s  
ds2 = dc2 + dq2. 

S ince  5 = c and q = c are t h e  l i n e s  o f  curva ture  a long the  i n n e r  s u r f a c e  
of t h e  s h e l l ,  t h e  p r i n c i p a l  r a d i i  of curvature  are 

L e t  us  in t roduce  t h e  dimensionless coord ina tes  a and B 

Here A i s  some c h a r a c t e r i s t i c  radius  of curva ture  of t h e  c ross  s e c t i o n  of 
t h e  c y l i n d e r .  I n  t h i s  case 

ds2 = A 2  (da2 + dB 2 ) 

and p i s  a func t ion  of  B. 
(1.4) 

A s  a s t a r t i n g  equat ion  l e t  us  take  [21 

L (W) + hoN (W) = 0 (1.5) 

*Numbers-in t h e  margin i n d i c a t e  paginat ion i n  t h e  fo re ign  t e x t .  
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Here exponent t i s  index of t he  change of the  
b e r s  y and t are r a t i o n a l  numbers, which, as shown 
decrease  t h e i r  g e n e r a l i t y .  

NASA TT F-10,743 

where t h e  d i f f e r e n t i a l  ope ra to r s  L and N f o r  the  c y l i n d r i c a l  s h e l l  acqui re  the  
form 

Equation (1.5) i s  used f o r  t h e  design of a c y l i n d r i c a l  s h e l l  making the  

1 )  
2) 

3) 

fol lowing assumptions: 
The s h e l l  must n o t  be extremely long.  
For  each c r o s s  s e c t i o n  func t ion  p should n o t  have s i g n i f i c a n t  rela- 

The shape of the  c ros s  s e c t i o n  should n o t  have areas wi th  sha rp ly  
t ive  dev ia t ions  from some mean va lue  of po. 

changing cu rva tu re ,  so t h a t  during d i f f e r e n t i a t i o n  wi th  r e spec t  t o  B t h e  quan- 
t i t y  P would no t  change s i g n i f i c a n t l y .  

L e t  u s  cons ider  four  groups of  boundary condi t ions  when t h e  c r o s s  sec- 
t i o n s  of  t h e  cy l inde r  a = a .  (j = 1 . 2 )  
of  r o t a t i o n  y1 w i l l  have t h J  va lues  

displacements ulY vl, w1 and t h e  angle  

assuming t h a t  k i s  a s u f f i c i e n t l y  l a r g e  number. 
superimposi t ion when a t  t h e  boundaries a = a .  ( j  = 1.2)  the  q u a n t i t i e s  ul, VI, 

w l  and y1 are represented  i n  t h e  Four ie r  series, which do no t  conta in  terms 
wi th  s m a l l  va lues  of k .  

So lu t ions  may be obta ined  by 

The s o l u t i o n  of Eq. (1.5) i s  a func t ion  of independent v a r i a b l e s  a, B 
and parameters  h" and k .  The l a t t e r  a r e  r e l a t e d  by 

permiss ib le  load .  The num- 
i n  [ 3 ]  and [l] does n o t  

W e  s h a l l  seek t h e  s t r e s s e d  state of t h e  c y l i n d e r ,  when y i s  a p o s i t i v e  
number o r  according t o  (1.8) , t < 1/2 .  I n  . t h i s  case, as shown i n  [ 3 ]  and [l] , 
t h e  s o l u t i o n  of equat ion  (1.5) has  the  form 

J$7 = JJA1) e.' + I f @ )  ep*6 (1.9) 

where the  f i r s t  t e r m  i s  the  i n t e g r a l  corresponding t o  t h e  p r i n c i p a l  s t r e s s e d  
s ta te  of t h e  s h e l l ,  t he  second term is  the  i n t e g r a l  corresponding t o  a simple 
edge e f f e c t ,  k i s  a parameter which e n t e r s  t h e  boundary cond i t ions  of  Eq. (1.7) , 
and 

p * (/LO)+ 

(1.10) 
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The v a r i a b i l i t y  func t ions  f and g have the  form - / l o 7  

Here $3 i s  any of t he  two func t ions :  f o r  g ,  and W(l) and W (2 1 are expressed 

as fol lows 

For t h e  p r i n c i p a l  s t r e s s e d  state and a simple edge e f f e c t  w e  s h a l l  select 
x / c  i n  such a manner t h a t  a recur ren t  s y s t e m  of d i f f e r e n t i a l  equat ions  i s  ob- 
t a ined  (independent of parameter k) wi th  r e spec t  t o  a 1 funct ions  which e n t e r  
( l . lO) ,  wi th  the  except ion of t h e  r e s i d u a l  terms Wr (jf (j = 1 . 2 ) .  

It is  known from [ 3 ]  t h a t  when t < 1 /2  t h e  form of t h e  i n t e g r a l  of t h e  
p r i n c i p a l  s t r e s s e d  state is a func t ion  of t he  s i g n  of t h e  curva ture  of t h e  s h e l l .  
Since f o r  t h e  cy l inde r s  the  curva ture  i s  equal  t o  zero ,  ope ra to r  L i n  (1.6) w i l l  
be pa rabo l i c .  Its c h a r a c t e r i s t i c s  (double) are determined by the  equat ion  = c 
and co inc ide  wi th  t h e  r e c t i l i n e a r  gene ra t r i ce s  of  t h e  c y l i n d r i c a l  s h e l l .  Th i s  
m e a n s ,  as we s h a l l  see la ter ,  t h a t  i n  c e r t a i n  cases the  e f f e c t  of t h e  edge load- 
i n g  is propagated i n t o  the  i n t e r i o r  of the s h e l l  a long the  asymptot ic  l i n e s  of 
t h e  cy l inde r .  It fol lows from he re  t h a t  the  p r i n c i p a l  s t r e s s e d  state of t h e  
cy l inde r  i s  no t  always a t t enua ted  as one moves f u r t h e r  away from t h e  edge along 
t h e  g e n e r a t r i x .  Thus, i n  c e r t a i n  cases, f o r  t h e  cy l inde r  the  San Venon pr in-  
c i p l e  i s  n o t  as c l e a r l y  pronounced as f o r  s h e l l s  with p o s i t i v e  curva ture .  I n  
cons t ruc t ing  i n t e g r a l s ,  corresponding t o  t h e  p r i n c i p a l  s t r e s s e d  state,  one may 
assume t h a t  f o r  t h e  v a r i a b i l i t y  func t ion ,  f 

Then, t ak ing  y = p/q (p,  q are s i m p l e  whole numbers) , one may cons ider  
t h a t  i n  (1.11) and (1.12) we have 5 = 2q. This means t h a t  

I n  o r d e r  t o  f u l f i l l  t h e  condi t ions  of (1.7) i t  i s  necessary f o r  t h e  func- 
t i o n  f t o  have a t  the  boundaries a = a and a = ct t h e  fol lowing va lues  1 2 

f = + i B  (1.15) 

From t h i s  i t  stems t h a t  when ct = a1 and a = a2  

fo  = & iB, fl = o,..., f2,-, = 0 (1.16) 

The v a r i a b i l i t y  func t ion  f o r  t he  i n t e g r a l s ,  corresponding t o  a s imple edge 
e f f e c t ,  is  cons t ruc ted  j u s t  as i t  w a s  done i n  [ l ] .  According t o  t h i s  w e  ob ta in :  

- 

G q + 2 9 )  . (1.17) ILs ~ /$l+'/,Y (go + p-'hY + /;--'I2 Y - ' M  g2 + . . . + 1c-'Jay- (2Q-1' 1 w 

where a t  t h e  boundaries a = c1 and a = ct2 w e  have 

go = 0 ,  g1 = t ip, g1 = 0 ( I  = &.., TQ -k 2rl) 

1 

(1.18) 

3 



The n a t u r e  of t he  s t r e s s e d  state of the c y l i n d r i c a l  s h e l l  w i l l  depend on 
the  va lue  of y .  Subsequently w e  s h a l l  show t h a t  i f  0 < Y < 2 ,  then f o r  a s h o r t  
c y l i n d e r  t h e  s t r e s s e d  s t a t e  is  a t t enua ted  i n  t h e  i n t e r i o r  of  t h e  s h e l l .  How- 
e v e r ,  when y 3 2 a t t e n t u a t i o n  f o r  t h e  sho r t  s h e l l  does n o t  occur.  

For a c y l i n d r i c a l  s h e l l  Eq. (1.5) with boundary cond i t ions  (1.7) w i l l  be 
so lved  f o r  s p e c i f i c  va lues  of y ,  namely when 
d i f f e r e n t  p r i n c i p a l  s t r e s s e d  states a r e  developed i n  t h e  s h e l l .  

= 2/3,  1, 2. Here, b a s i c a l l y  

2. L e t  us cons ider  a case when = 2 /3 .  From (1.14) and (1.17) we  ob- 
t a i n  t h e  v a r i a b i l i t y  func t ion  

__  
f = fo + k-'h fl + k-'/3 fz, g = go + k-I/' g1 k-'k 002 + k- lgs  (2 1) 

The boundary condi t ions  f o r  t h e  funct ion f are given by t h e  formulae 
(1.16)2 and f o r  g by the  formulae (1.18) .  I n  the  second expansion of (1.12) 
f o r  W ( J )  w e  must assume t h a t  5 = 3. 

L e t  us  determine f ,  g and W ( l ) .  For  t h i s  purpose w e  s h a l l  s u b s t i t u t e  0 t he  p r i n c i p a l  s t r e s s e d  s ta te  i n t e g r a l  from (1.9) i n t o  (1 .5) ,  t ak ing  i n t o  ac- 
count (1.6) and reducing by k2ekf,  we ob ta in  

0 

The o p e r a t o r s  L u have t h e  following form: 
1/ 3 

/ lo8  

(2.3) 
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By equat ing  c o e f f i c i e n t s  of k-ll3' from (2.2) t o  zero and keeping i n  mind 
(2.3) and (2.4) w e  o b t a i n  the  fol lowing d i f f e r e n t i a l  equat ions  with r e spec t  t o  
f o ,  f l y  f 2  and Wkl): 

&Tl'o(') = 0, L,,3TV,,(') -= 0 , (L,,,, + No) WJ') = 0 

(L1 -I- NU&) 1F,(1) = 0, (La -i- N,,,) I V O ( l )  = 0 I (2.5) 

S u b s t i t u t i n g  ope ra to r s  L and L i n t o  t h e  f i r s t  two equat ions  of (2 .6) ,  
0 113 w e  f i n d  t h e  equat ions  f o r  fo  and f l  

Both of  these  equat ions  and boundary condi t ions  (1.6) are f u l f i l l e d  when 
f o  = i B .  

Th is  occurs  because B = c are double c h a r a c t e r i s t i c s  of  L.  For t h e  cal- 
c u l a t i o n  of  f 
t o r  L it inc ludes  N This  means t h a t  func t ion  f depends no t  on ly  on t h e  

momentless, bu t  a l s o  on t h e  moment containing ope ra to r  N .  Keeping i n  mind the  
boundary cond i t ion  (1.16) and formula f = i i o ,  w e  f i n d  

we make use of  a t h i r d  equat ion i n  (2 .5) .  I n  a d d i t i o n  t o  opera- 1 
2 / 3  0' 1 

0 

From t h e  fou r th  equat ion  of (2.5) we o b t a i n  t h e  func t ion  

Thus, i n  t h e  case of boundary condi t ion (1.16) t h e  func t ion  f acqui res  
t h e  form 

The f i r s t  t e r m  i n  t h e  r i g h t  s i d e  of (2.9) g ives  t h e  s o l u t i d n ,  which o s c i l -  
lates wi thout  a t t e n u a t i o n .  The s i g n  of t h e  second t e r m  i s  s e l e c t e d  t o  be such 
t h a t  i n  t h e  zone, ad jacen t  t o  t h e  considered edge, the  real p a r t  would be neg- 
a t i v e ,  i .e .  i n  o r d e r  f o r  a t t enua t ion  to  take  p l ace  i n t o  t h e  i n t e r i o r .  

From t he  f o u r t h  equa t ' on  (2.5) ,  using (2.9) we f i n d  a d i f f e r e n t i a l  equa- 
(15. 

0 t i o n  f o r  t h e  func t ion  W 

(2. l o )  

The s o l u t i o n  of t h i s  equat ion  s h a l l  be / l o 9  

H e r e  a and b are random funct ions  of 6 ,  determined by (1 .17 ) .  The equa- 
(2) 

and W 2 1 3  have t h e  same form as (2.10),  bu t  they  are now 
(1) 

1 / 3  t i o n s  f o r  W 

homogeneous. 
5 



Thus, t he  i n t e g r a l  of the  p r i n c i p a l  s t r e s s e d  state (1.9) has  t h e  form 

In o r d e r  f o r  t h e  s t r e s s e d  state t o  be a t t enua ted  towards t h e  i n t e r i o f  of  
I t h e  cy l inde r ,  i t  i s  necessary  f o r  a real p a r t  of t h e  exponent kf + Y t o  be 

nega t ive .  For t h i s  purpose i t  i s  necessary t o  l i m i t  t h e  l e n g t h  of t h e  s h e l l  
1 = X (a2 - “1) by a s t r o n g  i n e q u a l i t y  0 

(2.12) 

( long s h e l l s  w e r e  excluded from cons idera t ion  a t  the  beginning of  t h i s  a r t i c l e ) .  

L e t  us  now determine t h e  v a r i a b i l i t y  func t ions  of t he  edge e f f e c t .  By sub- 
s t i t u t i n g  the  second t e r m  i n  Eq. (1.9) in  t h e  d i f f e r e n t i a l  Eq. (1.5) and t ak ing  
i n t o  account (2.1) and (1.17) ,  we ob ta in  the express ion  

(2.13) 
0-0 j = O  

The ope ra to r s  L .  , N .  are determined by formulas analogous t o  (2.3) and 
(2.4) i n  which it i s J o n l $  necessary  t o  rep lace  f by g. 

By s e t t i n g  c o e f f i c i e n t s  i n  f r o n t  of equal  powers of p t o  zero we o b t a i n  
t h e  d i f f e r e n t i a l  equat ion  f o r  t he  sought func t ions  goy gl, g2, g3. 
equat ion  f o r  go w i l l  have t h e  form 

Thus , the  

(2.14) 

W e  s h a l l  s o l v e  t h i s  equat ion  t ak ing  i n t o  account the  f i r s t  cond i t ion  i n  
(1.18) and impose the  requirement on the i n t e g r a l  corresponding t o  a simple 
edge e f f e c t ,  t o  be a t t enua ted  from the  edge i n t o  t h e  i n t e r i o r  of the  s h e l l .  
Taking t h i s  i n t o  account we seek  the  s o l u t i o n  f o r  (2.14) i n  the  form of  a - a. 

J powers series 

(2.15) 

Here gAo), gA1) are d e r i v a t i v e s  of g wi th  r e spec t  t o  a when a = a. and are 
only  t h e  func t ions  of  6. J 

Since  when a = a,, g = 0 ,  then a t  the  boundary a = a.  a l l  of t he  der iva-  
t ives of g wi th  r e spdc t  ?o B(ago/aB, g g O / a @ ,  ...) are eqhal  t o  zero.  Keeping 
t h i s  i n  mind and us ing  (2.14) we determine go(1). D i f f e r e n t i a t i n g  (2.14) wi th  
r e s p e c t  t o  a and s u b s t i t u t i n g  a = a. , we o b t a i n  gA2) , e tc .  
s o l u t i o n  o f  (2.15) f o r  g 

0 

As a r e s u l t  of the  
i t  become4 0 
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g2, g 1' 3 .  are determined i n  a similar manner. From t h i s  i t  Functions g 
fol lows t h a t  under the  boundary condi t ions  of  (1.18) func t ion  g has  t h e  form 

Since k is  a s u f f i c i e n t l y  l a r g e  parameter,  t he  s i g n  of the real p a r t  of 
(2.16) i s  determined by the  terms containing k i n  t h e  h ighes t  power. 
t hese  terms t h e  s i g n  may be s e l e c t e d  t o  be such as t o  produce the  s o l u t i o n  
which a t t e n u a t e s  i n  going f u r t h e r  away i n t o  the  i n t e r i o r  from the  considered 
edge. 

For 

By comparing the  func t ions  of kf and pg we n o t e  t h a t  the  real p a r t  o f  t he  
Th i s  f i r s t  func t ion  has  a t e r m  k2I3  and t h e  second func t ion  -- the  t e r m  k 4 I 3 .  

corresponds t o  t h e  f a c t  t h a t  t he  edge e f f e c t  is  a t t enua ted  more r ap id ly  than 
the  p r i n c i p a l  s t r e s s e d  state.  

3 .  L e t  us cons ider  the  case when y = 1. From (1.14) and (1.17) i t  f o l -  1110 
lows t h a t  func t ions  f and g w i l l  have the form 

Keeping i n  mind t h e  s o l u t i o n s  f o r  t hese  func t ions ,  ob ta ined  i n  s e c t i o n  1 
a t  boundary cond i t ions  (1.16) and (1.18), we o b t a i n  formulae 

( 3 . 3 )  

Since f o r  ou r  case t h e  func t ion  W ( l )  i s  given b the  second formula i n  
we have the  fol lowing (1.10) when 5 = 2 ,  then f o r  t h e  determinat ion of  W 

d i f f e r e n t i a l  equat ion  5l3 
a ~ ~ o ' ' )  - p' (a - aj) ~ ~ ( 1 )  = o - 

( 3 . 4 )  dU 1 

The s o l u t i o n  of t h i s  equat ion  is  
p' ( a  - ( 3 . 5 )  

2h ~ & 1 )  = (ao + ibo) esp  

Here a and b are random funct ions  of B .  0 0 

we have nonhomogeneous d i f f e r e n -  ' 
11 2 ' w1 For t h e  fo l lowing  func t ions  W 

' t i a l  equa t ions  wi th  t h e  same homogeneous p a r t  as (3.4) .  

7 



From (3.2) and (3.5) i t  fol lows t h a t  the  p r i n c i p a l  s t r e s s e d  state of a 
cy l inde r  i s  a t t enua ted  i n  any d i r e c t i o n  i f  t h e  fo l lowing  condi t ion  i s  f u l f i l l e d  

I n  t h e  f i r s t  approximation l e t  us cons r t h e  boundary condi t ions ,  which 
must be imposed on t h e  func t ions  W(l) and W tB . 

Function W from (1.91, t ak ing  i n t o  account (3.2) - (3 .4) ,  may be w r i t t e n  
as fol lows:  

w = eirP {(a1 + ibz) expr,(a -al) i (c1+ idl) exp1r3 (a - all + r (a - a1)zl + + (az + ibz) exprz (a - az) + ( C Z  + idz) e x p i n  (a - az) + r (a - a ~ ) ~ l }  + 
+ e-ikp { [ (a3+  ib3) expr, (a - a:) + (cs + ids)exp[ra (a - all r (a - a 1 ) z 1  -!- 

+ (a4 + ib4) exprz(a - az) + (c4 + id4)expIr4 (a - az) - r (a - a ~ ) ~ l )  (3.7) 
I 

The boundaries of t h e  cy l inde r  are assigned by the  equat ions  a = a and 
a = a2 ( i t  i s  considered t h a t  a < a2) , and func t ions  r ( i  = 1, 2 ,  3 ,  4) and 
r have the  form 

1 i 

The s i g n  of t hese  func t ions  w a s  s e l e c t e d  t o  be such t h a t  i n  ( 3 . 7 )  t h e  solu-  
t i o n  would a t t e n u a t e  towards t h e  i n t e r i o r  of t he  s h e l l .  I n  (3.7) t h e  q u a n t i t i e s  
a bi, ci, di (i = 1, 2 ,  3 ,  4) are random func t ions  of t h e  form i' 

(3.9) 

Here Po, Ply ..., Prml are func t ions  of a and B y  independent of parameter 

0' k. The problem l i e s  i n  formulat ing boundary condi t ions  f o r  P 

Taking 2Ehw = wo , we f i n d  t h a t  

(3 .lo) 

The formulas f o r  func t ion  u 1 (O) = 2Ehul, v 1 (O) = 2Ehvl, ylo = 2Ehy1, T1' sly 
N1, G1 expressed  i n  terms of wo and c are taken from [4 ] .  

For  t h e  c y l i n d r i c a l  s h e l l  they have t h e  form /111 
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(3.11) 

Analogous formulas may be w r i t t e n  f o r  t h e  remaining stresses, moments and 
displacements.  The formulas (3.11) and formulas similar t o  th'em enable  de t e r -  
mination of t h e  s t r e s s e d  state of the  s h e l l  i n  t h e  f i r s t  and second approxima- 
t i o n ,  i f  t he  boundary cond i t ions  f o r  t h e  f a c t o r i n g  c o e f f i c i e n t s  i n  (3.9) are 
known. 

L e t  us  determine t h e  shape of boundary condi t ions  i n  the  f i r s t  approxima- 
t i o n  a t  an edge of t he  s h e l l  a = a (at the  a = a boundary the  condi t ions  are 
analogous),  I f  i n  (3.7) w e  cons ider  t h a t  a = ct ,2 then t h e  terms conta in ing  
the  exponent a - a w i l l  be s m a l l ,  and they may be neglec ted .  Then (3.7) 
w i l l  a cqu i r e  t i e  form 

1 
1 

1' 

IF 
$- e-ikB ((a3 + ibs) csp n (a - a,) + (cs + i&)cx$ [ r3  (a - all - r (a - al)all 

eikB{(ul + ib2)cxprl (a -al) + (cl 4- i d l )  c s p  /rs(a - all + r (a - a1)21) -i- (3.12) - 

Using t h e  Eu le r  formulas,  t h e  i n t e g r a l  of equat ion  (1.5) may be separa ted  
i n t o  two p a r t s ,  conta in ing  f a c t o r s  cos kB and s i n  k6 , r e spec t ive ly .  

and cons ider ing  t h a t  A ( j ) ,  B") ,  C ( j )  and I)") are expanded i n t o  series i n  the  
form (3.9) .  

( j )  & i ) ,  and (j 1 It i s  necessary  t o  f i n d  the  va lue  f o r  func t ion  A , 
&1 when a = a i n  the  f i r s t  approximation. For t h i s  purpose t h e  exponents R ,  

m y  ml, p ,  q are determined i n  such a manner t h a t , e q u a t i o n s  with A i j ) ,  B i j ) ,  

(22) and D P )  would have s o l u t i o n s  ( i t  is p o s s i b l e  t o  show t h a t  t he  s o l u t i o n s  
w i l l  e x i s t  f o r  equat ions  which determine t h e  same q u a n t i t i e s  wi th  lower expon- 
e n t s  1, 2. . . ) .  L e t  u s  c a l c u l a t e  i n  t h e  f i r s t  approximation t h e  func t ions  uo 1' 

1, Sly N1, G w i th  t h e  use of formulae v;, wo and y o ,  T 

1 

at  the  boundary a = 1 1 1 a1 
(3.11) - (3.13).  
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I 

, 

I w,a = 1 G I Q  = 1 i u,o  = 1 1 

Here A(1), B i l l ,  C i l ) ,  D i l )  designate  t h e  boundary va lues  of  t hese  quant i -  
(2) (2) (2) (2) 0 

ties. I n  add i t ion ,  we t ake  i n t o  account t h e  f a c t  t h a t  A 0 Y Bo 9 co 9 D o  
must equal  zero ,  i n  o r d e r  f o r  the  f a c t o r s  s i n  kf3 and cos kf3 a t  uy, v i ,  w i ,  yi 
i n  equat ion  (3.14) t o  be t h e  same as i n  the  case of boundary condi t ions  ( 1 . 7 ) .  

AY,O = 1 

I n  subsequent n o t a t i o n s  we omit f a c t o r s  cos kg and s i n  kg. 1112 

The q u a n t i t i e s  2 ,  m y  p ,  q ,  s e l e c t e d  according t o  formulae (3.14) a t  bound- 
a r y  condi t ions  of (1.7) are given i n  Table 1. 

TABLE 1 Making use of Table 1, the  boundary condi- 
I I I t i o n s  (1 .7)  and (3.14) we  o b t a i n  boundary va lues  

(1) (1) ' u , o =  1 i u,o  = 1 wi0= 1 i . t io = 1 of A. , Bo , C;l) and Dil) and then by m e a n s  

2 f o r  e l a s t i c  r eac t ions .  
ca l ,  as i t  must be according t o  t h e  r e c i p r o c i t y  
p r i n c i p l e .  

I ~ 1 1 .  
1 I I o f  (3.15) and Table 1 we o b t a i n ,  as i n  [ 5 ] ,  Table  

This  t a b l e  i s  symmetri- 

I I I I 
L 

4. F i n a l l y ,  l e t  us cons ider  t h e  case when y = 2. From (1.14) and (1.17) 
i t  fo l lows  t h a t  func t ions  f and g have the  fol lowing form 

The va lues  f o r  t h e s e  func t ions  under boundary condi t ions  (1.16) and (1.18) 
w i l l  be 

1 0  



Here t h e  func t ion  f i s  pure ly  imaginary. Th i s  m e a n s  t h a t  when y = 2 t h e  
b exponent ia l  a t t e n u a t i o n  (with a l a r g e  f a c t o r  i n  t h e  exponent) of t he  p r i n c i p a l  

s t r e s s e d  state along t h e  g e n e r a t r i c e s  of  the  c y l i n d e r  i s  absent .  

L e t  us  t u r n  t o  c o n s t r u c t  func t ion  W!') from (1.12).  P I n  the  considered 
case t h e  f a c t o r  6 must equa l  1. 
i s  obta ined  

Then f o s  t h e  de te rmina t ion  of W$l) an equat ion  

It inc ludes  t h e  ope ra to r  No. This  means t h a t  func t ion  W(l) i s  determined-. 
t ak ing  i n t o  account the moment o p e r a t o r  N. 
opera to r s  L and N i n t o  ( 4 . 3 ) ,  w e  obta in  a d i f f e r e n t i a l  equat ion  f o r  W 

2 0 

By s u b s t i t u t i n g  ?he va lue  f o r  t h e  

0 

For t h e  func t ion  Wil) t h e  second order  equat ion  w a s  obtained.  This  occurs  
because t h e  l i n e s  B = cons t  are double c h a r a c t e r i s t i c s  of  t h e  momentless ope- 
r a t o r .  

The s o l u t i o n  of equat ion  (4 .4)  has  the  form 

Here A and B are unknown funct ions  of B .  

For t h e  re,maining W(l) ( 1  = 2,3 , .  . . , r - 1) func t ions  w e  a l so  have equa- 

0 0 

0 
t i o n  (4 .4)  bu t  i t  is  nonhomogeneous. 

The s o l u t i o n  f o r  W i 2 )  i n  t he  i n t e g r a l ,  corresponding t o  the  edge e f f e c t ,  
C a n  be ob ta ined  i n  t h e  form of t h e  following series wi th  powers of CJ, - CJ, : 

j 

( 4  6 )  wOQ) = c0 + iD0 f - vT ( A  ) ( ~ o + i ~ ( a - a j ) + . * .  I I + i p '11 

H e r e  C and D are unknown funct ions of 6 .  

Using formulas (4 .2)  and (4 .5)  we o b t a i n  the  fol lowing s o l u t i o n s  f o r  t h e  /113 

0 0 

. equat ion  (1.5) 
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Here t h e  terms, conta in ing  as t h e i r  co fac to r  exponent ia l  func t ions  w i t h  
l a r g e  f a c t o r  k2 i n  t h e  exponent, are the i n t e g r a l s  of t he  edge e f f e c t .  
remaining terms are the  i n t e g r a l s  of  t he  p r i n c i p a l  s t r e s s e d  s ta te .  

The 

During formulat ion of t h e  boundary condi t ions  when a = a1 (a = a,) i n  
(4.7; one should neg lec t  those terms which conta in  func t ions  c2, d2,  c4, d4 
( c l ,  dl, c3, d3) s i n c e  they are s u f f i c i e n t l y  s m a l l .  
t i o n  t o  t h i s  i t  i s  necessary  t o  d is regard  those terms which conta in  func t ions  

For a long s h e l l ,  i n  addi- 

a2,  b2, a4,  b4 ( a l ,  b l ,  9, b3) when = a1 (a = 9). 

L e t  us  cons ider  t he  case when a s h e l l  i s  s h o r t .  W e  s h a l l  rep lace  the  
j ,  b j ,  c j ,  d .  by A ( j ) ,  B ( j ) ,  C ( j ) ,  D(j) ( j  = 1, 2 ,  3, 4) from the  func t ions  a 

formulae analogous t o  those i n  (3.13). These func t ions  have comparable va lues  
a t  both edges of  . t he  s h e l l .  

J 

Thus, t h e  problem is reduced t o  the de te rmina t ion  of s i x t e e n  func t ions  of  
8. 

0 0  0 
1 1' 1 

For the 

vl, wo and t h e  angle  of r o t a t i o n  y L e t  us  express  t h e  displacement u 

through t h e  unknown funct ions  A F )  , BAj) , . C i j )  , D i j )  ( j  = 1, 2 ,  3 ,  4 ) .  
determina t ion  of these  func t ions  le t  us use t he  condi t ions  of (1.7) at the  
boundaries  ci = ci 

r ep resen ted  as 
and a = "2. We obta in  e i g h t  equa t ions ,  each of which may be 

1 

P j  cos kfi + Qjsin k f i  = 0 ( j  = 1, 2, ..., 8) 

where P and Q j  are only t h e  func t ions  of B y  and cos k8 and s i n  kg depend a l s o  
Q j  = 0 ( j  = 1 , 8 ) .  on t h e  parameter  k. L e t  us he re  set P = 0 ..., 

t een  equa t ions  are obta ined  with s ix t een  unknowns, which i n  con t r a s t  t o  those  
i n  paragraph 3 are no t  separa ted  i n t o  two independent systems. It  i s  too cum- 
bersome t o  cons t ruc t  t he  sought func t ions  i n  t h e  genera l  form: 
s imple r  t o  c a l c u l a t e  t h e s e  func t ions  a t  i n d i v i d u a l  po in t s .  

Thus, s ix -  j 
j 

i t  i s  much 

For a long  s h e l l  t he  f u l f i l l m e n t  of  the  boundary condi t ions  i s  much easier 
Let us c a l c u l a t e  A ( j ) ,  B i j ) ,  C A j ) ,  Dhj) a t  t h e  boundary ci = al. 

approximation t h e  func t ion  W ,  keeping i n  mind (4.7) and the  symmetrical  na tu re  
of  t h e  boundary condi t ions  (1.7) , may be w r i t t e n  as 

I n  t h e  f i r s t  
0 
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S u b s t i t u t i n g  (4.8) i n t o  (3.10) and (3.11) a t  the  a = a1 boundary we o b t a i n :  

A 

TABLE 3 

_c 

I 
m 
P 
Q 

- 
= 1 

-3 
-3 
-3 
-3 

,o - 1 - 
-G 
-4 
-4 
-4 

- I  When t h e  boundary condi t ions  o f  (1.7) are 
(I* - 1 f u l f i l l e d  t h e  exponents 1, m y  p ,  q have t h e  va lues  
- 
-6 
-8 

which are given i n  Table 3. 

-8 
Table 4 g ives  the va lues  f o r  stresses Tl, Sly 

N 1  and G1 when a = al. 
-6 

/114 
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